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2
$|Du|=1$ in $\Omega$ (1)
1 2 $Du$ $u$
(1) $u(x)=0(x\in\partial\Omega)$ $u$ $\partial\Omega$
$u(x)=dist(x, \partial\Omega)$ $C^{1}$
“ ” (1) “ ”
1 $\Omega=(-1,1)$ $u’(x)=\pm 1$
1:







$\{\begin{array}{ll}-\epsilon\triangle u_{\epsilon}+|Du_{\epsilon}|=1 in \Omega,u_{\epsilon}=0 on \partial\Omega\end{array}$ $(\epsilon>0)$
$lim\prime u_{\epsilon}(x)=dist(x, \partial\Omega)$
(1)










$F(x, u(x),$ $Du(x),\cdot D^{2}u(x))=f(x)$ in $\Omega$ (2)
45
$u$ : $\Omegaarrow R$ $D^{2}u(x)$ ( $F$
$x$ $x$ ) $S^{n}$ $n\cross n$
$F$ : $\Omega\cross R\cross R^{n}\cross S^{n}arrow R$ $f$ : $\Omegaarrow R$ $f$
$f$
$F(x, 0,0,0)=0$ $(\forall x\in\Omega)$
1} $F(x, r, q, X)=-trace(X)$ (2)
2) $0<\lambda\leq\Lambda$
$F(x,r, q,X)=\mathcal{P}_{\lambda,\Lambda}^{+}(X)$ $:= \max\{-trace(AX)|A\in S^{n}, \lambda I\leq A\leq\Lambda I\}$
Pucci
$\mathcal{P}_{\lambda,\Lambda}^{-}(X)$ $:= \min\{-trace(AX)|A\in S^{n},\lambda I\leq A\leq\Lambda I\}$
Pucci
$F$ $X\in S^{n}$ $q\in R^{n}$
$q\in R^{n}$ $i$ $q_{i\text{ }}X$ $i$ $i$ $X_{ij}$
3} $F(x, r, q, X):=-\Sigma_{i,j1}^{n}=q_{i}q_{j}X_{ij}$
P- $Parrow\infty$




( $\langle\cdot,$ $\cdot\rangle$ $R^{n}$ )




$f_{\alpha}$ $A_{\alpha}\geq 0$ ( )
$\mathcal{A}$ $\alpha\in \mathcal{A}$








$u$ : $\Omegaarrow R$ (2) (resP., ) $\psi\in C^{2}(\Omega)$
‘ $u^{*}-\psi$ (resp., $u_{*}-\psi$ ) $x\in\Omega$ (resp., )
$F(x, u^{*}(x),$ $D\psi(x),$ $D^{2}\psi(x))\leq f(x)$ (resp., $F(x,$ $u_{*}(x),$ $D\psi(x),$ $D^{2}\psi(x))\geq f(x)$ )
$u:\Omegaarrow R$ (2)
$u_{*}$ (
[5] [7] ) .
(2) (resp., ) $F(x, u, Du, D^{2}u)\leq$





$u^{*}(x)-\psi(x)=0\geq u^{*}(y)-\psi(y)$ $(\forall y\in\Omega)$





1 (1) 1 $u(x)=|x|-1$
$u(\pm 1)=0$ $\psi(x)\equiv-1$ $u-\psi$ $x=0$
$|\psi’(0)|\geq 1$ (1)
( $x=0$
$-1-\psi(x)$ $x=0$ $C^{1}$ $\psi$
$|\psi’(0)|\leq 1$ )
4 Perron-Ishii
Perron-Ishii [6] ([8]) $USC(\Omega)$ $LSC(\Omega)$
$\Omega$ $F$
$F:\Omega\cross R\cross R^{n}\cross S^{n}arrow R$ $X\geq Y$
$X,$ $Y\in S^{n}$
$F(x,r, q,X)\leq F(x, r,q,Y)$ $(\forall(x, r,q)\in\Omega\cross R\cross R^{n})$
$F$ (2) (resp., ) (resp.,
) $u\in C^{2}(\Omega)$ (2)
$F(x,u(x),$ $Du(x),$ $D^{2}u(x))\leq f(x)$ $(\forall x\in\Omega)$
48
$\psi\in C^{2}(\Omega)$ $u-\psi$ $x\in\Omega$
$Du(x)=D\psi(x)$ $D^{2}u(x)\leq D^{2}\psi(x)$ $Du(x)$
$D^{2}u(x)$ $D\psi(x)$ $D^{2}\psi(x)$
1 $F$ $f$ $F$
(2) $\xi\in USC(\Omega)$ $\eta\in LSC(\Omega)$
$S:=$ {$v\in C(\Omega)|v$ (2) \mbox{\boldmath $\xi$}(x) $\leq v(x)\leq\eta(x)(\forall x\in\Omega)$ }
$S\neq\emptyset$ $u(x):= \sup\{v(x)|v\in S\}$ $u$ (2)
] [6] $S$ $v$
([1]) $S$ ([1])




( ) $u$ (I) $F$
$u$ $\psi\in C^{2}(\Omega)$ ,
$x\in\Omega$ $\theta>0$ (
)
$0=u_{*}(x)-\psi(x)\leq u_{*}(y)-\psi(y)$ $(\forall y\in\Omega)$ ,
$F(x,\psi(x),$ $D\psi(x),$ $D^{2}\psi(x))\leq f(x)-2\theta$ . (3)
$F$ $f$ $\delta>0$
$F(y, \psi(y),$ $D\psi(y),$ $D^{2}\psi(y))\leq f(y)-\theta$ $(\forall y\in B_{\delta}(x))$
$B_{\delta}(x):=\{y\in R^{n}||x-y|<\delta\}$
$\psi(x)<\eta(x)$ $\psi(x)=\eta(x)$ $\psi\leq\eta$ ‘
$\eta$ (3)
$x$ $\psi<\eta$ $\tau>0$
$F(y, \psi(y)+\tau,$ $D\psi(y),$ $D^{2}\psi(y))\leq f(y)$ $(\forall y\in B_{\delta}(x))$
49
$\xi(y)\leq\psi(y)+\tau\leq\eta(y)(\forall y\in B_{\delta}(x))$ $\delta$
$\psi(\cdot)+\tau$ $B_{\delta}(x)$ (2)
$\hat{u}$
$\hat{u}(y)=\{\begin{array}{ll}\psi\prime(y)+\tau (y\in B_{\delta}(x)),u(y) (y\in\Omega\backslash B_{\delta}(x))\end{array}$
$\hat{u}\in S$ $\hat{u}(x)>u_{*}(x)$ $u$
$y\in\partial B_{\delta}(x)$ $\psi(\cdot)+\tau$
$\varphi\in C^{2}(\Omega)$ $\hat{u}-\varphi$ $y\in\partial B_{\delta}(x)$
$F(y,\hat{u}(y),$ $D\varphi(y),$ $D^{2}\varphi(y))\leq 0$
$\hat{u}\in C(\Omega)$ $S\subset C(\Omega)$
$\psi$ $\psi(y)-\epsilon|x-y|^{2}(\epsilon>0)$
$u(y)>\psi(y)+\tau(y\in\partial B_{\delta}(x))$
$y\in\partial B_{\delta}(x)$ $v_{y}\in S$ $\delta(y)>0$ $v_{y}(z)>\psi(z)+\tau(\forall z\in B_{\delta(y)}(y))$
$\partial B_{\delta}(x)$ $\partial B_{\delta}(x)\subset\bigcup_{k=1}^{m}B_{\delta(y_{k})}(y_{k})$
$y_{k}\in\partial B_{\delta}(x)$





$-trace(A(x)D^{2}u)=f(x)$ in $\Omega$ (4)
$A$ : $\Omegaarrow S^{n}$










$r$ $n$ $R>0$ $Q_{R}\subset\Omega$
$R>0$
2 2 Pucci $\mathcal{P}_{\lambda,\Lambda}^{\pm}$ $0<\lambda\leq\Lambda$
$\mathcal{P}^{\pm}$
Harnack $q>0$ $C>0$ $\tau_{v\in LSC(\Omega)}$




$\underline{(I})\underline{f\equiv 0\text{ }}$ $M_{r}$ $:= \sup_{Q_{r}}u$ $m_{r}$ $:= \inf_{Q_{r}}u$
$U$ $:=M_{2}-u$ $V$ $:=$
$u-m_{2}$ $Q_{2}$ $\mathcal{P}^{-}(D^{2}u)\geq 0$
Harnack
$\Vert M_{2}-u^{*}\Vert_{L^{q}(Q_{1})}\leq C\inf_{Q_{1}}(M_{2}-u^{*})\leq C(M_{2}-M_{1})$ (6)
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$\Vert u_{*}-m_{2}\Vert_{L^{q}(Q_{1})}\leq C\inf_{Q_{1}}(u_{*}-m_{2})\leq C(m_{1}-m_{2})$ (7)
$q>0$ 1 $\Vert\cdot\Vert_{L^{q}(Q_{1})}$
$0<q<1$
$\Vert g+h\Vert_{L^{q}(Q_{1})}\leq 2^{1/q}(\Vert g\Vert_{L^{q}(Q_{1})}+\Vert h\Vert_{L^{q}(Q_{1})})$
$\Vert M_{2}-u^{*}+u_{*}-m_{2}||_{L^{q}(Q_{1})}\leq 2^{1/q}C(M_{2}-M_{1}+m_{1}-m_{2})$ (8)
$u^{*}\geq u_{*}$ $\Vert\cdots\Vert$ $-u^{*}$
$u_{*}$
$u(x):= \sup\{v(x)|v\in S\}$ $v\in S$
(4) $M_{2}-v$ (5) $u^{*}$
$v$ (6)
$\Vert M_{2}-v\Vert_{L^{q}(Q_{1})}\leq C(M_{2}-\sup_{Q_{1}}v)$
$u\geq v$ $v$ $u_{*}\geq v$ (8)
$M_{2}-m_{2} \leq\Vert M_{2}-v+u_{*}-m_{2}||_{L^{q}(Q_{1})}\leq 2^{\iota/q}C(M_{2}-\sup_{Q_{1}}v+m_{1}-m_{2})$




(II) $f\equiv 0$ $f\in L^{n}(Q_{2})$ $w^{\pm}\in C(\overline{Q}_{2})\cap W_{loc}^{2,n}(Q_{2})$
(cf. [7])







$\pm u$ $\mathcal{P}^{+}(D^{2}u)\geq\pm f$ $\mathcal{P}^{+}(X)+\mathcal{P}^{-}(Y)\leq \mathcal{P}^{+}(X+Y)$
$v^{\pm}:=\pm u+w^{\pm}$ $v^{\pm}$ (5) (I)
$m_{r}$ $U:=M_{2}+L_{2}+v^{-}$ $V$ $:=v^{+}-L_{2}-m_{2}$ $(\backslash \ulcorner))$
Harnack
$\Vert U_{*}\Vert_{L^{q}(Q_{1})}\leq C(M_{2}+2L_{2}-M_{1})$ $\Vert V_{*}\Vert_{L^{q}(Q_{1})}\leq C(m_{1}-m_{2})$
(I)










ABP r $C>0$ u\in C(0)\cap C2(O)
$\sup_{o}u\leq\sup_{\partial O}u^{+}+C\Vert-\triangle u||+$
$v:Oarrow R$
$\Gamma[v;O]$ $:=$ { $x\in O|\exists q\in R^{n}$ such that $v(y)\leq v(x)+(p,$ $y-x\rangle(\forall y\in O)$ }
$v$ $O$ $O^{+}[v]$ $:=\{x\in O|v(x)>0\}$
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$\Gamma[u;O]$ $u$ 2 $\mathcal{P}^{\pm}(D^{2}u)$
$u$ $\mathcal{P}^{-}(D^{2}u)\leq f$ $f$
([4])
$Q_{1}$
1/2 $\{Q_{k}^{1}\}_{k=1}^{2^{n}}$ $Q_{1}$ $Q_{k}^{1}$ “ ”
$Q_{k}^{1}$ 1/2 $\{Q_{k,j}^{2}\}_{j=1}^{2^{n}}$
$Q_{k}^{1}$
$Q$ $:=\{Q_{k_{1},k_{2},\ldots,k_{m}}^{m}|m=1,2, \ldots., k_{j}=1,2, \ldots, 2^{n}\}$
($m$ 1 $1/2^{m}$ ) $Q\in Q$ $\tilde{Q}$
$U\subset R^{n}$ $|U|$ $U$ $n$
(Lemma 4.2 [3]) $A\subset B\subset Q_{1}$ $\delta\in(0,1)$
$\{\begin{array}{ll}(a) |A|\leq\delta(b) Q\in Q \text{ } |A\cap Q|>\delta|Q| \text{ } \tilde{Q}\subset B \text{ }\end{array}$
$|A|\leq\delta|B|$
4: (b)





$u$ $Q_{3}$ $Q_{1}$ $u$
$\mathcal{P}^{-}(D^{2}\psi)\geq 0$ in $Q_{R}$ , $\psi\leq-2$ in $Q_{2}$ , $\psi\geq 0$ on $\partial Q_{R}$ (9)
$\psi(x)=-|x|^{-\alpha}(\exists\alpha>0)$
(9) 1
$\xi\geq 0$ $\mathcal{P}^{-}(D^{2}\psi)\geq-\xi$ $suPp\xi\subset Q_{1}$
$w:=u+\psi$ $P^{+}(X+Y)\geq \mathcal{P}^{+}(X)+\mathcal{P}^{-}(Y)$ $v$’
$\mathcal{P}^{+}(D^{2}w)\geq-\xi$ in QR
ABP $w(x)\geq 0(x\in\partial Q_{R})$
$1 \leq\sup_{Qs}(-w)\leq C\Vert\xi\Vert_{L^{\mathfrak{n}}(\Gamma[-w;Q_{R}]\cap Q_{R}^{+}[-w])}$
$C \max_{Q_{1}}|\xi|\cross|\{x\in Q_{1}|u(x)\leq M:=\max_{Q_{1}}(-\psi)\}|$





$|B|\leq\delta^{k-1}$ $A:=\{x\in Q_{1}|u(x)>M^{k}\}$ $|A|\leq\delta|B|$
$(b)$
$Q\in Q$ $|A\cap Q|>\delta|Q|$ $\exists z\in\tilde{Q}\backslash B$
$u(z)\leq M^{k-1}$ $Q$ $1/2^{j}$
. $Q$ $0$ $v(x):=u(x/2^{j})/M^{k-1}$ $u(z)\leq M^{k-1}$
$infQ_{3}v\leq 1$ 1 $|\{x\in Q_{1}|v(x)\leq M\}|\geq\theta$
$u$




$\delta>0$ $u(x):=v(x)/( \inf_{Q_{1}}v+\delta)$ $\inf_{Q_{3}}u\leq 1$
2 $v$ $C,$ $\epsilon>0$
$|\{x\in Q_{1}|u(x)>t\}|\leq Ct^{-\epsilon}$ $(t>0)$
$t>0$ $M^{k}<t\leq M^{k+1}$ $k$
klog $M<\log t\leq(k+- 1)\log M$






$\circ$ g: $\partial\Omegaarrow R$
$F(x, D^{2}u(x))=0$ in $\Omega$ (10)
$F$ Laplace
$F(x, O)=0$ $\mathcal{P}^{-}(X-Y)\leq F(x, X)-F(x, Y)\leq \mathcal{P}^{+}(X-Y)$ (11)
$(x\in\Omega, X, Y\in S^{n})$ (4)
$g$
$\mathcal{L}_{9}$ $:=$ { $s\in C(\Omega)|s$ (10) $\lim_{x\in\Omega}\sup_{arrow}u(x)\leq g(y)(\forall y\in\partial\Omega)$ }
$-\mathcal{H}_{S}(x)$ $:= \sup\{s(x)|s\in \mathcal{L}_{g}\}$




$u$ $m:= \inf_{\partial\Omega}g$ (11)
$m$ $\mathcal{L}_{9}$ $u(x)\geq m(\forall x\in\Omega)$




$F(x_{0}, -2\epsilon I)\leq 0$
$\mathcal{P}^{-}(-2\epsilon I)$




$\deltaarrow 0$ $v \leq\sup_{\partial\Omega}g$ $u \leq\sup_{\partial\Omega}g$
$u$ $u^{*}$ Perron-Ishii
( ) $u_{*}$
$\xi\in C^{2}(\Omega)$ $u_{*}-\xi$ $x_{0}\in\Omega$
$F(x_{0}, D^{2}\xi(x_{0}))\leq-\theta<0$
$\theta>0$ $F$ Perron-Ishii
$\xi$ $\xi(x_{0})>u(x_{0})$ $\xi\in \mathcal{L}_{9}$ ( $S$
$\mathcal{L}_{9}$ )
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